We study the emergence of pleats in a stretched two-dimensional sheet composed of connected vertices arranged as a regular triangular lattice. We consider only "flat-foldable" pleats i.e. those with all displacements restricted to the two-dimensional plane. Pleats occur here as a result of an equilibrium first order transition from the homogeneous sheet to a heterogeneous phase where stress is localised within pleats and eliminated elsewhere. To facilitate pleating, we introduce an external field which couples to local non-affine displacements i.e. those displacements of neighbouring vertices which cannot be represented as a local affine strain. We obtain both zero and finite temperature phase diagrams in the strain-field plane. We show that in the thermodynamic limit the un-pleated state is always metastable at vanishing field for infinitesimal strain. Plastic deformation of an un-pleated sheet is akin to decay of a metastable phase via a dynamical transition. Our predictions regarding equilibrium and dynamics of the pleating transition, local stress distributions and thermal effects associated with pleats may be verified experimentally.
Introduction
There has recently been a lot of interest in structures which may be constructed by pleating or folding (origami) 1 or cutting and subsequent joining (kirigami) 2,3 of two-dimensional sheets. Such studies are useful both as a response to the technological need for fabricating complex shapes from simple components as well as to understand naturally occurring folded designs in the living world 1, [4] [5] [6] [7] [8] [9] 16, 17 . A special class among these shapes consists of the so-called "flat foldable" configurations which can be unfolded from a two-dimensional to a three-dimensional shape by changing a single parameter 10, 11 . Such flat foldable origami can be constructed as a series of complex hierarchical patterns involving intersecting pleats -so called Miura Ori tessellations 1, 10 . Most of our theoretical understanding of these structures comes from analyses based on the elasticity of thin plates and sheets [5] [6] [7] [8] . Normally, a finite-sized flat sheet of elastic material pleats in response to the constraint arising from the requirement that it sticks as close as possible to a substrate which has a curvature [5] [6] [7] [8] 10 . A constrained elastic energy minimisation then yields most of the pleated or wrinkled structures seen in experiments 8 .
These studies are athermal i.e. thermal fluctuations and entropic contributions arising from them are neglected. Such an approximation is indeed valid for the relatively large, stiff, sheets used in the corresponding experiments 8 or wrinkled states are produced by self-organizing polymeric membranes 12 . In the case of origami structures produced from sheets at small length scales made out of soft materials in the presence of strong Brownian motion 13 arising from a solvent medium, thermal fluctuations need to be accounted for.
In this paper, we take this complementary viewpoint, regarding the pleating process as a finite temperature phase transition associated with a spontaneous breaking of translational invariance. This phase transition occurs under the influence of a field h X which can either promote or suppress pleating of a sheet, depending on the sign of h X . Thus we treat the sheet as a bulk two-dimensional (2d) thermodynamic system.
In a recent paper 14 some of us showed that flat-foldable patterns are obtained as distinct minima of a statistical mechanical free energy in an unstrained sheet. In this paper, we extend this earlier study and investigate the pleating transition as the sheet is subjected to an area preserving uniaxial tensile strain along one of its two dimensions. Our emphasis, in this work, is on the mechanical behaviour and plastic deformation of the pleated state. Many properties of pleats vary smoothly in the limit h X → 0 allowing us to make predictions for this experimentally accessible limit.
We represent a 2d sheet by a network of vertices connected by bonds. Such a sheet can produce flat pleats if the potential energy depends on the length of the bonds alone and bond bending costs no energy 15 -a so-called "phantom" network 18, 19 . This process is illustrated in Fig.1 where we have shown the formation of pleats. In the final configuration no bond is stretched and therefore there is no extensive elastic energy cost for pleating in the thermodynamic limit. Figure. 1 also shows how pleating in more than one direction can be combined to construct complex patterns. The pleated regions have large values of the parameter χ, a local quantity to be defined later, whose spatial average is thermodynamically conjugate to h X . It is straightforward to imagine the pleated patterns as shown in Fig. 1 and those constructed by combining these to be flat folded, 2d, versions of Miura Ori origami which have been extensively studied 10, 11 .
Our main results are as follows. We show that the phase transition observed previously 14 persists for non-zero uniaxial strain. Indeed, we find that in the thermodynamic limit the un-pleated sheet under infinitesimal strain is metastable with respect to the spontaneous formation of pleats for h X → 0. In a finite system, under the same conditions, the unpleated state is stable upto a non-zero value of strain. As in the zero strain version 14 , the pleated and the un-pleated states exist across a well-defined interface produced by differing values of the local stress. The barrier between the coexisting states is large and the un-pleated sheet can exist as a longlived metastable state well within the region of the equilibrium phase diagram where the pleated phase is stable. Plastic deformation of the sheet during stretching can be viewed as the decay of this metastable state. We also study the local structure of a pleat and metastability of the pleated phase in the h X → 0 limit. We use a variety of computer simulation techniques such as Monte Carlo 20 and molecular dynamics (MD) 21, 22 as well as sequential umbrella sampling 23 to arrive at these results.
The rest of the paper is organised as follows. In the next section (Section 2) we introduce our model for the twodimensional sheet and define χ and h X . This is followed by the computation of the zero-temperature phase diagram and discussion of the thermodynamic limit. In Section 3 we discuss the equilibrium pleating transition at non-zero temperatures for a finite sized sheet using sequential umbrella sampling Monte Carlo (SUS-MC) 23 simulations. We also study in detail the local structure of the pleat. Next, in Section 4 we discuss dynamics of pleating and plastic deformation of the sheet and aspects of metastability. Finally we conclude the paper in Section 5 mentioning some possible experimental consequences of our work and future directions of research.
2 Sheet, pleats and energy minimization
The model 2d sheet and non-affine displacements
In order to represent a 2d sheet, we choose a reference lattice structure {R i } i=1,...,N corresponding to an ideal triangular lattice. The (point) vertices of this lattice are then connected by harmonic bonds 15 . In an earlier paper 14 we have shown that self-avoidance of vertices modelled by attaching repulsive particles do not change conclusions qualitatively. We therefore consider the following harmonic network model:
where p i is the momentum, m the mass, r i the instantaneous position, and R i the reference position of vertex i. The length and energy scales are set by the lattice parameter l and Kl 2 respectively. The time scale is set by m/K. In our calculations, we set l = 1, m = 1, K = 1. The dimensionless inverse temperature β = Kl 2 /k B T , with k B the Boltzmann constant. The formation of pleats requires non-affine displacements, namely those displacements of particles which cannot be represented as an affine transformation of the reference configuration. The statistics of such displacements have been studied extensively in crystals 24, 25 and glasses 26 . We begin this section by giving below a brief description of non-affineness relevant to our present work.
The local non affine parameter χ ( R i ) is defined as the least squares error encountered on trying to fit a "best fit" local affine deformation D i to the set of relative vertex displacements within a coarse graining volume Ω i around vertex i 24 . Related to this local non-affine parameter, we can define the global non-affine parameter
where N is the number of vertices used to represent the sheet. In Ref. 25 we have shown that this quantity behaves as a standard thermodynamic variable permitting a conjugate field h X which may enter the microscopic Hamiltonian as
We use the full Hamiltonian H in Eq.
( 1) to model the 2d sheet and obtain the results which follow. The non-affine field h X and the conjugate density X have an intriguing correspondence with stress and strain. This has been shown 24 to result from projecting all possible relative vertex displacements within Ω into mutually orthogonal affine and non-afffine components.
The affine part of the displacements give rise to the three independent components of the symmetric strain tensor ε µν and their conjugate stresses σ µν with µ, ν = 1, 2 being the dimensional indices. We also use the notation 1 ≡ x and 2 ≡ y. Unless otherwise mentioned, we are mostly concerned with the uniaxial strain ε d = ε 11 − ε 22 and conjugate stress σ d = σ 11 − σ 22 which represents a stretching in the x direction with a corresponding contraction in the y direction preserving the area to linear order. The non-affine part, X, of the displacements, on the other hand, couples to h X . This projection procedure is an intrinsic part of our definition of χ. An important consequence is the fact that, to linear order, fields conjugate to the non-affine component of the displacements do not affect the affine sub space, and vice versa 24 . In other words, small h X do not produce stresses or change elastic constants. Similarly small stresses do not generate non-affine displacements. Lastly, note that χ (and therefore X) depends only on relative displacements and making Eq. ( 1) translationally invariant. Spatial heterogeneity can therefore arise only if translational symmetry is spontaneously broken due to a thermodynamic phase transition as we shall see in Section 3.
The zero-temperature phase diagram
Before we describe finite temperature phase transformations in the next section, we use the Hamiltonian 1 to study the relative stability of pleated states at T = 0. In this limit, simple expressions for the energy of the pleated configuration can be derived as a function of ε d , and h X .
The un-pleated lattice, taken as reference, has the shape of a periodically repeated rhombus of sides L y and L x taking x as the horizontal direction and y along a line making an angle of 60 • with x, commensurate with a triangular lattice. We found this coordinate system to be most suited for the calculations reported in this section because pleats along all three symmetry axes of the triangular lattice are treated equivalently. In later sections for the simulation results we have chosen the usual commensurate rectangular box and Cartesian coordinates.
To produce pleats (see Fig. 1 ) we displace a full row of vertices towards an adjacent parallel row, continuing the displacement till exactly two rows overlap. In this state, no bond is stretched and any elastic component of the energy of the sheet is non-extensive and therefore negligible. Considering, for the moment only parallel horizontal pleats, in a finite sheet, this We consider the un-pleated sheet as well as sheets with a single horizontal pleat and two intersecting pleats (see Fig. 1 ). The red and blue symbols mark the respective phase boundaries while the black straight line is a result from analytic calculations. b. Plot of the h * X vs N in logarithmic scale where h * X is the value of the field at the transition point between an un-pleated sheet and one with a single pleat at ε d = 0. Note that as N → ∞, h * X → 0; the two curves representing two different protocols for taking the thermodynamic limit. If L x is kept constant then
operation reduces the length in the y direction by the combined width of the pleats. To compare equal areas, we need to scale the lattice in the y direction to preserve L y . This operation produces an internal strain ε int 22 ≡ ε int = 2n p /(1 − 2n p ), where n p is the number of pleats per unit length in the y direction. Usually, n p 1 and so ε int ≈ 2n p . The pleated region also produces local non-affinity χ p which is same for all vertices taking part in the pleat. Therefore, the globally averaged nonaffine parameter X = 2n p χ p ≈ ε int χ p . In addition, an external strain ε d stretches bonds in both the un-pleated and pleated sheets. Collecting together after neglecting higher order terms e.g. ∝ ε int ε 2 d etc., we get the energy of the pleated sheet relative to the un-pleated one,
The numerical coefficients arise from expanding ∆E upto quadratic order in ε int and summing contributions over the nearest neighbour bonds in the triangular lattice. The linear density of pleats n p depends on the external strain and can be found by minimising ∆E with respect to ε int which gives,
with n p ≥ 0 in the pleated phase. For the limiting case n p = 0 we get, for the phase boundary ∆E = 0 the simple expression h X = −3ε d /4χ p in the thermodynamic limit.
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We have checked some of these results by direct numerical minimisation of the energy for a lattice of 2048×2048 vertices containing either a single horizontal pleat or two intersecting pleats as shown in Fig. 1a and b respectively. The boundary between the un-pleated network and the one containing a single horizontal pleat is compared to the limiting n p → 0 phase boundary obtained above.
It is surprising that in the thermodynamic limit, the unpleated sheet is metastable for all values of ε d > 0 for h X = 0! In order to obtain a thermodynamically stable un-pleated sheet, one needs to turn on a negative h X in order to suppress non-affinity and the resultant pleating. A finite sized sheet, is on the other hand stable for small strains since the phase boundary shifts as a whole to the right as N is decreased. The internal strain ε int ∝ n p ∝ 1/L y and therefore the shift of the phase boundaries depend only on L y . For example, if N is increased keeping the number and length of the pleat constant then the transition points, h * X ∼ 1/N at ε d = 0. On the other hand if the area is scaled uniformly, h * X ∼ 1/ √ N holds. Our data plotted in Fig. 2b shows that these expectations are validated.
We shall show in the next section that although the unpleated state is metastable for ε d > 0 at h X = 0, formation of pleats take a very long time because of large barriers. Similarly, a pleated state, quenched into a region where pleats are not stable takes a long time to decay. Calculations of these barriers are tricky because the most probable path chosen by the system to go from an un-pleated to the pleated structure is not through coordinated motion of a complete row of vertices as represented in Fig. 1 . Pleats arise from localised non-affine deformations as we show below.
3 Results: The equilibrium transition at nonzero temperatures
To study the equilibrium pleating transition as a function of h X and ε d at non-zero temperatures, we need efficient computational schemes, which are able to access pleated structures starting from an un-pleated sheet. The reason being that transition probabilities between these two states are vanishingly small due to large barriers. One of the methods which produces satisfactory results in this case is the sequential umbrella sampling Monte Carlo (SUS-MC) technique 23 . We use the same SUS-MC technique used earlier to study pleating of the un-stretched sheet 14 .
Sequential umbrella sampling
To implement SUS-MC for our system, we divide the transition coordinate X into small windows and sample configurations generated by Metropolis Monte Carlo 20, 23 in each window successively beginning with X = 0, keeping track of how often the system tries to leave the window via its left or right boundaries in histograms. The probability distribution P(X) can then be computed from these histograms. Further details of this procedure can be obtained from our earlier work 14 .
While the SUS-MC technique is quite efficient, the computational effort needed is substantial and grows with N. This restricts the system size that we can study. Fortunately, finite size effects at T > 0 follow the same qualitative trend as in the T = 0 results discussed in the earlier section 2.2 so conclusions, drawn from studies of small systems can be extrapolated in a straightforward manner. We therefore present results only for N = 900 vertices. We use a β = 200, results at other temperatures are qualitatively similar. The range of 0 < X < 1 divided into 500 windows gave us sufficient resolution. To obtain sufficiently averaged P(X) values, at least 8 × 10 7 trial moves were required for each window.
We study the sheet in the presence of both h X and ε d . Unlike our T = 0 calculations where we had a periodically repeated box in the shape of a rhombus, here we have a rectangular box whose dimensions are commensurate with the triangular lattice. The strain is implemented as before by stretching the simulation box along the x-direction and compressing it along the (now vertical) y-direction while conserving area to linear order. Once P(X) is obtained for any combination of h X and ε d value, one can use a histogram reweighting technique 28 to determine P(X) at any other h X . This is particularly useful to obtain the phase boundary in the ε d -h X plane. Fig. 3a , shows − ln(P(X)) for three different h X and ε d values close to the phase boundary. While the ε d = 0 has been studied earlier 14 we include these results here for comparison. Most of the qualitative features are unchanged all along the phase boundary from ε d = 0 to nonzero values. There are two minima: the ones for small X values (M1) correspond to the un-pleated lattice. Notice that X = 0 at M1 due to thermal fluctuations. The ensemble average of the un-pleated lattice with harmonic bonds, even under the influence of h X can be analytically obtained 24 and offers a stringent test for our calculations. The pleated state has a larger X value (M2) which has contributions from the pleat as well as thermal fluctuations. At higher values of h X higher order patterns with many pleats are produced. We do not explore these transitions here and concentrate on the transition from the un-pleated sheet to one containing a single horizontal pleat represented by M2.
The usefulness of the SUS-MC method is apparent from Fig. 3 since now we know not only the two co-existing structures but all intermediate ones as well along a transition path quantified by X. This is the optimum (least free energy) path obtained by our Monte Carlo method and shows that the pleat forms by a local transformation which produces a "lip" with two tips which extends all around the periodic boundary and finally annihilates with itself once the pleat percolates through the sheet. This is shown for three configurations at intermediate values of X (C1, C2 and C3) in Fig 3b. At finite external strain the free energy landscape looks qualitatively similar to that for ε d = 0; in particular, the values of X at which the first two minima occur seem to only weakly depend on ε d . However, relative to the second minimum the first minimum in − ln(P(X)) moves to higher energies with increasing external strain at fixed h X . As a consequence, with increasing ε d one expects a decrease of the coexistence value h * X where the phase transition from a homogeneous crystal is expected to happen. The snapshots in Fig. 3b for the case ε d = 0.1 indicate that the horizontally pleated state grows proportionately (lever rule) as X approaches M2, exactly as expected in a first order transition 13 .
In Fig 4a we show the stress distributions for the three ε d values chosen earlier and for X corresponding to M1 and M2. The pleated phase always has lower stress. The spatial distribution of stresses for a single configurations corresponding to C1, C2 and C3 as well as for M1 and M2 are shown for ε d = 0.1 in Fig. 4b . The phases are seen to co-exist across a stress interface which undergoes capillary fluctuations about a mean position. In the M2 phase, the stress becomes heterogeneous and is concentrated mainly in the pleat. Pleats therefore relieve stress from the rest of the sheet concentrating it only within themselves. As the pleat grows the stress interface moves in proportion to the relative amounts of the two phases. 
Local structure near pleat tips
We now look more closely at the stress distribution near the pleat tips in the C1 and C2 configurations by averaging over many configurations in each of X windows. Since h X = 0.009 is quite small for this state point, the stress distributions should be qualitatively and quantitatively accurate even for h X = 0. Our SUS-MC studies therefore allow us to analyse in detail mechanical properties of a pleat in a flat sheet which, as we will see later (Section 4), is nearly impossible to produce using conventional Monte Carlo or molecular dynamics techniques.
We have plotted now all the components of the stress in Fig. 5 . The network has also been shown to indicate the position of the pleat. Note that each pleat tip represents a stress dipole with those for the uniaxial stress σ d being the largest. When the pleat is just about to form, these dipoles are close together forming a quadrupolar pattern. Quadrupolar patterns in the zero stress, two point strain-strain spatial correlation function have been analytically derived earlier 24 and this result simply vindicate the fluctuation-response relation 13 . The growth of a pleat is equivalent to a separation of stress dipoles.
To obtain the stress interface quantitatively, we plot σ d averaged along the y direction as a function of x in order transition. According to our computations, the interface width does not change along the phase boundary indicating that a critical point is probably absent 13 . In Fig. 6b we have also plotted the relative perpendicular displacement of lattice rows participating in a pleat as a function of x. This quantity rises from zero to the expected value within the pleat. The length scale over which this quantity varies is of the same order as the width of the stress interface.
The pleating phase diagram
Our results for the equilibrium transition are summarised in the phase diagram Fig 7a where we have shown the equilibrium phase boundaries at non-zero as well as zero temperature for the same finite system. We have considered only a single horizontal pleat as before. A dynamical transition line, to be discussed later, is also shown. Note that thermal fluctuations stabilise the un-pleated phase. Indeed, noting that for ε d = 0 and keeping T and h X constant, one may write the thermodynamic relation dU = T dS − h X dX where U is the internal energy and S the entropy of the system. The equality of mixed second derivatives of U then implies a Clausius-Clapyron like relation 27 ,
where U 1 and U 2 refer to the internal energies of the coexisting un-pleated and pleated sheets. The difference in the entropy and the global non-affineness of these co-existing states are represented by ∆S and ∆X respectively. Since U 1 > U 2 (see Section 5) and X 2 > X 1 , the phase boundary should shift to larger values of h X for the same ε d , as the temperature is increased. This is shown in Fig 7a where we plot, in the same graph a phase boundary obtained at T = 0 for a 30 × 30 network.
Results: Metastability, dynamics and deformation
We have mentioned before that high barriers resulting from the formation of highly stressed regions within the sheet where a pleat nucleates (see Fig 3a) prevent the equilibrium transition from occurring in MD simulations within a reasonable time scale. This is illustrated in Fig. 7b where we have replotted the probability distribution − ln P(X) from the SUS-MC calculation together with MD simulation 22 results for P(X) at h X = 0.025 and ε = 0.04. Our MD simulations are performed in the canonical ensemble (constant N, area A and temperature T ), using a leapfrog algorithm coupled to a Brown and Clarke thermostat using a time step of 0.002 21 . The MD simulations are started from either an initial un-pleated or pleated state. Within our long simulation time (∼ 5.0 × 10 5 MD steps corresponding to t = 1000), there are no fluctuations which connect these states. The free energy barrier separating these states can be seen to be indeed extremely large ∼ 300 − 400k B T .
A dynamical transition to a pleated configuration is possible only when h X becomes sufficiently large so that the lattice is close to being locally unstable and the free energy barrier is substantially reduced. In Fig. 8 a we have plotted h X against X obtained from SUS-MC for three different ε values. The X values were obtained by a histogram reweighting method. Together with these results, we have also plotted results from MD simulations of the same network where X now represents an average over the MD simulation time. The MD and the SUS-MC results both show a jump in X at the pleating transition. However, the transition in MD occurs at a much larger value of h X showing that for a large range of h X , the unpleated state remains metastable. Our results for the dynamical transitions are also summarised in Fig. 7a as open circles. Within the region in-between the equilibrium and dynamical transition lines the un-pleated state is metastable. The dynamical transition line appears to lie parallel to the equilibrium transition so that there is always a region of metastability (no critical point!) at least within the range of parameter values explored by us.
We plot X for a number of h X and ε values in Fig. 8b . This plot shows that the transition shifts to lower values of h X , following approximately a parabolic shape. At the same time the jump in X gradually decreases to zero as ε d is increased. In the equilibrium transition the jump in X between the un-pleated and pleated states never vanishes and the decrease of X seen here must be attributed to a purely kinetic effect arising from an arrest of the coarsening process. As the network becomes stiffer with decreasing h X , growth of X becomes more and more difficult so that at h X = 0, pleated states do not form and the network remains Hookean for arbitrarily large strains. To understand this, observe the configurations obtained just after the transition plotted in Fig. 8 (I and II) as both local χ and the σ maps for h X = 0.06, ε d = 0.0 (I) and h X = 0.04, ε d = 0.16 (II). While, pleated regions of higher local stress similar to the SUS-MC results are seen here, close examination of the configurations suggest that some of the pleated regions are disordered. These structures are arrested since relaxation to the true equilibrium state involving large scale rearrangements take an arbitrary long time.
It is clear from Fig. 8b that the pleated state can be reached either at fixed ε d by changing h X or at fixed h X by increasing ε d . We show below that the second protocol has many features common to standard yielding transition of solids in the constant strain ensemble 29 . In Fig. 9a , we plot MD results of the uniaxial stress σ d on 100 × 100 lattices for different values of ε d and h X . Each of these systems was held at every value of ε d and h X for 5.0 × 10 5 MD steps (t = 1000) until there was no perceptible change in the stress values. In this sense, our loading may be considered to be quasistatic. For small values of ε d , the stress is Hookean with a slope given by the elastic constant of the triangular lattice independent of h X 24,25 . As the For the smallest lattice sizes, the data was obtained by averaging over many initial conditions. Lines joining data points in all plots above are guides to the eye.
network enters the inhomogeneous phase, the stress deviates from this linear behaviour and pleated states begin to form. An examination of the configurations suggests that plastic deformation is directly associated with the formation of pleats. When pleat formation is kinetically arrested, at still larger values of ε d the stress again appears to grow linearly with ε d . To show that the pleating transition introduces permanent plastic deformation, we continuously decrease ε d from maximum deformation (Fig. 9a) . The strain where σ d vanishes is non-zero. Irreversible deformation is therefore linked with a breakdown of ergodicity such that the network, once trapped in a pleated state, cannot revert back due to high kinetic barriers.
To show that the dynamical transition is affected by finite system size, we plot in Fig. 9b, σ d vs. ε d for h X = 0.04 for lattice sizes varying from 50×50 to 200×200. As system size increases, the transition becomes sharper with value of σ d (ε d ) becoming flatter and more non-linear. However, for larger lattice sizes, the total simulation time t = 1000 becomes small compared to the relaxation time of the system and the network gets arrested earlier. Increasing the simulation time algebraically with N does not change these results significantly. Of course, an exponential increase of simulation time with N is beyond the scope of this work.
Discussion and conclusions
In this paper we have described in detail pleating and deformation of a two-dimensional sheet under stretching load. We show that the pleating transition is a strongly first order phase transition in the bulk. In order to be able to describe pleating in this context we needed to define an external field conjugate to a thermodynamic density associated with pleating. The discovery of this variable X viz. the average non-affine parameter is one of the primary contributions of this as well as our earlier 14 work. We show that X also behaves as a reaction coordinate describing the kinetics of pleating starting from local non-affine fluctuations which break centro-symmetry of the lattice 25, 30 .
Recently, some of us have analysed the deformation behaviour of an ideal crystal in 2d in the h X −ε plane 31 . We conclude that the rigid crystal is always metastable for all h X > 0 and for h X < 0, a first order transition connects the rigid crystal with one which eliminates stress. At coexistence, one observes an interface between the two phases, clearly visible in plots of the stress profile. The interface is created by pairs of dislocations of opposite signs separated by a distance fixed by the lever rule. These observations along with the phase diagram are entirely analogous to what we obtain here. In both cases there is a coexistence between a phase which supports stress and another which eliminates it from the bulk. Also, incipient, non-percolating pleats consisting of two sharp tips connected by a pleated regions, as seen in C1, C2 and C3 configurations (Figs. 3-6 ) have many similarities with dislocation dipoles. Like the latter, the displacement becomes multivalued, and therefore non-analytic, within the pleat. These close analogies point to an underlying fundamental link between the two systems. We wish to explore this issue further in the future.
What connection do our results have with actual experiments? First of all, if h X can be realised experimentally, all our results can be verified against actual experimental measurements. A realisation of h X is actually possible using dynamic, feed-back controlled laser tweezers 14, 25 . However, many of our results are also valid in the limit h X → 0. Regardless of how the pleat is obtained, we believe that stress distributions, such as those shown in Fig. 6 should be valid. Finite size effects, again, should be observed similar to that described here. Lastly, if pleating results from a spontaneous self organization as the consequence of a thermodynamic first order transition, then it should be accompanied by thermal effects arising from the release of latent heat 27 as we show below.
In Fig.10a , we have plotted the internal energy U averaged over configurations in each window of X for a state on the coexistence line as shown in Fig. 3a . This energy has contributions from both elasticity as well as the part proportional to h X . This shows that the pleated state has much lower potential energy (about 20%) than the un-pleated sheet for this state at non-zero ε d . There should therefore be a considerable release of energy as the pleat forms.
To see what consequence this may have for the pleating transition in experimental conditions (i.e. for h X = 0), we undertake MD simulations in the canonical ensemble starting from the C1 configuration obtained from our SUS-MC calculation. For these calculations we used the LAMMPS molecular simulation package 32 . Snapshots from this simulation are presented in Fig. 10b . We observe that the pleat rapidly closes releasing kinetic energy consistent with the expected gain in potential energy as the pleat forms. At least some of this kinetic energy will be converted to heat in a real membrane which will raise its temperature. At large times, of course, these temperature variations disappear. However, for poorly conducting polymeric membranes mentioned in the introduction 1, such heterogeneous temperature variations may be observable near pleats 33 . The exact nature of these variations will, of course, depend on the detailed interactions (and consequent thermodynamics) of the system in question and may vary in magnitude as well as sign.
In the future we would like to look at full three-dimensional pleating by including perpendicular vertex displacements as well as the effect of curvature in the presence of h X and all components of the external strain.
